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XY Z[\] ]^_Z\`Y a b^ cd`e\f^ g ][`dZ f^]_d\cZ\`Y `h g i^Y^dgj gk]Zdg_Z _jg]] `h l`Y mn``Z[ opYgn \_gj]p]Z^n qlmomr s t \j\cc`e ]p]Z^n ] u v[\] Zpc ^ `h ]p]Z^n \] g ]c ^_\gj _g]^ `h o \w^d^YZ\gj XY_jx ]\`Y] qoXri\e^Y kp

ẋ + g(x, t) ∈ F (x, t), x ∈ IRn, t ∈ I = [t0, T ] ⊂ IR
qyr

b[^d^ s
• x ∈ IRn \] Z[^ zY\Z^{f\n ^Y]\`Ygj ]ZgZ^ e^_Z`d
• g(x, t) : IRn × I 7→ IRn \] g _`YZ\Yx`x] hxY_Z\`Y a
• F (x, t) : IRn × I 7→ IRn \] g ]^Z{egjx^f n gcc\Yi Z[gZ \] f\]_`YZ\Yx`x] `Y g Yxnk^d `h [pc^d]xdhg_^]`h Z[^ ]ZgZ^ ]cg_^

IRn u v[^ cd^_\]^ f^zY\Z\`Y `h Z[\] hxY_Z\`Y \] i\e^Y k^j`b gYf _[gdg_Z^d\|^ Z[^t\j\cc`e ]p]Z^n u
Xh Z[^ hxY_Z\`Y

F (x, t)
\] d^fx_^f Z` Z[^ ]\Yij^Z`Y

{0}
a Z[^Y Z[^ ^}xgZ\`Y

1
\] g ]ZgYfgdf ~df\Ygdp o \h{h^d^YZ\gj �}xgZ\`Y u t`d t\j\cc`e ]p]Z^n a Z[^ f^zY\Z\`Y `h Z[^ hxY_Z\`Y

F (x, t)
nx]Z d^]c^_Z Z[^ h` jj`b \Yif^zY\Z\`Y u �^ ]ZgdZ b \Z[ g ]\Yij^ [pc^d]xdhg_^]

Σ
b[\_[ \] _gjj^f Z[^ ]b \Z_[\Yi k`xYfgdp gYf \] f^zY^fkp Z[^ ]_gjgd hxY_Z\`Y

h(x)
]x_[ Z[gZ s

Σ = {x | h(x) = 0} ,
q�r

v[^ [pc^d]xdhg_^
Σ
]cj\Z] Z[^ ]ZgZ^ ]cg_^ \YZ` Zb` ]^Z] a

S+
gYf

S−

a f^zY^f kp s
S+ = {x | h(x) > 0}

gYf
S− = {x | h(x) > 0}

q�r
�^Z x] _`Y]\f^d Z[^ q_`YZ\Yx`x]r d^]Zd\_Z\`Y `h Z[^ hxY_Z\`Y

F (x, t)
`Y

S+
gYf

S−

a
{

f+(x, t)
∆
= F (x, t)|S+

f−(x, t)
∆
= F (x, t)|S

−

q�r
∗����� ������� �� �� � � ������ �������������� �� ���
†

y



v[^ hxY_Z\`Y
F
nx]Z k^ f^zY^f `Y

Σ
g] Z[^ _`Ye^� [xjj `h gjj j\n \Z] a \ u^ u s

F (x, t) = c̄o {f+(x, t), f−(x, t)}
q�r

v[\] _`Ye^� [xjj \Y Z[^ _g]^ `h Zb` hxY_Z\`Y]
f+

gYf
f−

ngp k^ ]ZgZ^f g] s
c̄o {f+(x, t), f−(x, t)} = {(1 − λ)f−(x, t) + λf+(x, t)}

q�r
�`d^ i^Y^dgjjpa hd`n g ]`hZbgd^ gd_[\Z^_Zxd^ c`\YZ `h e\^b a b^ b \jj Zdpa \h c `]]\kj^ a Z` cd^]^YZ i^Y^dgjgk]Zdg_Z _jg]] `h lmom \Y g n`d^ i^Y^dgj hdgn^b`d  b[^d^ Z[^ lmom _`Y]\]Z] `h s
y u g ]n``Z[ fpYgn \_gj ]p]Z^n b \Z[ k`xYfgdp _`Yf\Z\`Y] \Y Z^dn ] `h ]ZgZ^ egd\gkj^] q¡ � uy r s

ẋ + g(x, t) = R
q¢r

� u g ]^Z `h \YcxZ£`xZcxZ egd\gk j^] gYf Z[^\d] d^jgZ\`Y] b \Z[ Z[^ ]ZgZ^ egd\gk j^] q¡ � u�r a
y = x

q¤r
λ = R

q¥r
� u g ]^Z `h Y`Y]n``Z[ jgb ] b[\_[ d^jp `Y Z[^ \YcxZ£`xZcxZ egd\gkj^ gYf Z[^ ^e^YZ] q¡ � u�r

λ ∈ F (y, t)
qy¦r

§ ¨© ªO«¬­P R®¯ ¯®PO ° ± ²³²ª´NOQµ¬¶ · PµO «O¸ R¯ RP R®¯ ®¸ PµO ¯®¯ ·¹ ®®Pµ º¬» » Rºº ¼O ¼OPPOQ R¯ POQ¹ · ®¸ ·P¬PO ½¬Q R¬¼ºO
y =

h(x)
¬¯« PµO¯ PµO QOº¬P R®¯ » Rºº ¼O

y = h(x)
qyyr

λ = R
qy�r

P®¾OPµOQ » RPµ PµO ¿®¯ À¹ ®®Pµ Á¬» Â
λ ∈ F (h−1(x), t)

qy�r

v[^ d^g]`Y b[p b^ bd\Z^ ^�cj\_\Z jp ]x_[ g f^_`nc`]\Z\`Y `h Z[^ lmom \] s
•
Z` k ^ gkj^ Z` [gYfj^ b \Z[ ^e^dp i^Y^d\_ ~o� g] g opYgn \_gj ]p]Z^n gYf x]^ i^Y^d\_ Yxn ^d\_gj\YZ^idgZ\`Y ]_[^n ^

•
Z` k^ gkj^ Z` _[gYi^ Z[^ d^jgZ\`Y Zpc^

•
Z` k^ gkj^ Z` _[gYi^ Z[^ Y`Y ]n``Z[ jgb gYf x]^ g Y`Y jgb `h Zpc^ t\j\cc`e \Y `Z[^d gccj\_gZ\`Y u

Ã ÄÅ ÆÇÈÉÊ ËÌÉÍ ÎÇÎÏÐÊ ÉÈÑ ÒÓÔÈÑÉÕÇ ÌÓÈÑËÏËÓÈÎ
Ö] b^ [ge^ n gf^ gk`e^ a b^ _gY f^zY^ Z[^ ]n``Z[ fpYgn \_gj cgdZ `h Z[^ t\j\cc`e ]p]Z^n ] g] s

ẋ + g(x, t) = R
qy� r

×ØÙÚÛÜÝÞ ßØÚÛàáàØÚâ
v[^ k`xYfgdp _`Yf\Z\`Y] h`d gY XY\Z\gj ãgjx^ äd`k j^n qXãä r gd^ i\e^Y g]

t0 ∈ IR, x(t0) = x0 ∈ IRn.
qy�r

�



Ã ÄÃ åÐÍÉÏËÓÈ æÐÏçÐÐÈ ÌÓÈÎÏÕÉËÈÐÑ èÉÕËÉæ ÍÐÎ ÉÈÑ ÎÏÉÏÐ èÉÕËÉæ ÍÐÎ
XY g i^Y^dgj bgpa Z[^ fpYgn \_gj ]p]Z^n \] _`ncj^Z^f kp g ]^Z `h Y`Y ]n``Z[ jgb ] b[\_[ f` Y`Z _`Y_^dYf\d^_Zjp Z[^ ]ZgZ^ e^_Z`d u v[^ ]^Z `h ]x_[ egd\gkj^] a f^Y`Z^f

y
a `Y b[\_[ b^ gccjp Z[^ _`Y]Zdg\YZ] f^c ^Yf] a\Y g e^dp i^Y^dgj bgpa `h Z[^ ]ZgZ^ e^_Z`d

x
a ]x_[ Z[gZ

y = x.
qy�r

XY Z[^ ]gn ^ bgpa b^ _gY bd\Z^ s
λ = R

qy¢r
Ã Äé ÆÐêÈËÏËÓÈ Óë ÏìÐ íÓÈ îÊÓÓÏì ïÉç æÐÏçÐÐÈ ÌÓÈÎÏÕÉËÈÐÑ èÉÕËÉæÍÐÎ
v[^ l`Y mn``Z[ jgb ngp k^ h`dnxjgZ^f g] s

λ ∈ F (y, t)
qy¤r

b \Z[
F (y, t)







f1(y), y ∈ S+,

fs(y, µ), y ∈ Σ̂,

f2(y), y ∈ S−,

qy¥r
b[^d^

fs(y) =
f+(y) + f−(y)

2
+ µ(y)

f−(y) − f+(y)

2
,

q�¦r
v[^ d^]`jxZ\`Y `h Z[\] l`Y mn``Z[ �gb h`d `Y^ [pc^d{]xdhg_^ \] _`ncj^Z^jp gYf j^gf] Z` s

µ(y) = −
〈∇h(y), f+(y) + f−(y)〉

〈∇h(y), f−(y) − f+(y)〉
, y ∈ Σ̂.

q� yr
Ã Äð ñòÔËèÉÍÐÈÌÐ æÐÏçÐÐÈ óËÍËôôÓè ÎÇÎÏÐÊ ÉÈÑ ïÉõÕÉÈõËÉÈ ÑÇÈÉÊ ËÌÉÍ ÎÇÎÏÐÊ

ç ËÏì ÑÕÇ óÕËÌÏËÓÈ
XY Z[\] ]^_Z\`Y a b^ d^_gjj [`b g �gidgYi\gY opYgn \_gj mp]Z^n q]^^ v^ncjgZ^ ö yr n gp d^h`dnxjgZ^f g] gt\j\cc`e ]p]Z^n u v[^ ^}xgZ\`Y `h n `Z\`Y `h g �gidgYi\gY fpYgn \_gj ]p]Z^n Zpc^ n gp k^ ]ZgZ^f g]

M(q)q̈ + F (q̇, q, t) = Fext(q̇, q, t) + R
q��r

b[^d^
• q ∈ IRn \] Z[^ i^Y^dgj\|^f _``df\YgZ^] e^_Z`d u v[^ f\n ^Y]\`Y n

`h Z[\] e^_Z`d \] _gjj^f Z[^ Yxnk^d`h f^id^^ `h hd^^f`n `h Z[^ ]p]Z^n u v[^ zd]Z gYf Z[^ ]^_`Yf Z\n^ f^d\egZ\e^ `h
q
a f^Y`Z^f

q̇
gYf

q̈
agd^ x]xgjjp _gjj^f Z[^ e^j` _\Zp gYf Z[^ g__^j^dgZ\`Y `h Z[^ ]p]Z^n u

• τ ∈ IR
\] Z[^ ]_gj^f Z\n ^ gYf \YZd`fx_^f g] g ]ZgZ^ egd\gk j^ u

• M(q) : IRn 7→ Mn×n
\] Z[^ \Y^dZ\g Z^dn

• F (q̇, q, t) : IRn × IRn × IR 7→ IRn \] Z[^ \YZ^dYgj h`d_^ `h Z[^ ]p]Z^n a
• Fext(q̇, q, t) : IR 7→ IRn \] Z[^ ^�Z^dYgj h`d_^ u
• R ∈ IRn \] Z[^ Y`Y]n``Z[ h`d_^ fx^ Z` Z[^ Y`Y]n``Z[ jgb \Y `xd _g]^ Z[^ odp hd\_Z\`Y jgb
v[^ fdp hd\_Z\`Y jgb ngp k^ ]ZgZ^f \Y Z^dn ] `h j` _gj egd\gkj^ a ZgYi^YZ\gj e^j` _\Zp gYf ZgYi^YZ\gjd^g_Z\`Y Z` g ]xdhg_^ u �^Z x] g]]xn ^ Z[gZ Z[^ ZgYi^YZ\gj e^j` _\Zp \] i \e^Y kp s

u̇T = H(q)q̇
q��r

�



gYf Z[^ d^jgZ\`Y k^Zb^^Y Z[^ ZgYi^YZ\gj hd\_Z\`Y h`d_^
λT

gYf
R
\] i \e^Y kp s

R = HT (q)λT

q�� r
v[^ odp hd\_Z\`Y jgb ngp k^ bd\ZZ^Y g] s

−λT ∈ ∂ΦCg
(u̇T )

q��r
b[^d^

Cg

\] Z[^ f\]  `h
IR2 `h dgf\x] g

a Z[^ _`^÷ _\^YZ `h hd\_Z\`Y u XY Zb` f\n ^Y]\`Y a Z[^ f\]  \] d^fx_^fZ` gY \YZ^degj `h
IR
]x_[ Z[gZ s

−λT ∈ ∂Φ[−g,g](u̇T )
q��r

v` d^h`dnxjgZ^ g �gidgYi\gY fpYgn \_gj ]p]Z^n \YZ` g t\j\cc`e ]p]Z^n a g zd]Z i^Y^dgj ]Z^c \] Z` f^Y`Z^Z[^ ]ZgZ^ `h Z[^ ]p]Z^n g]

x =





q

q̇

τ(t)



 =





x1

x2

x3



 ,
q�¢r

b[\_[ \] g e^_Z`d `h f\n^Y]\`Y
2 × n + 1

u
§ ¨§ ªO«¬­P R®¯ ¯®PO ° ± ²³²ª´øù ¼O ¸ R¯ R·µO« ±±±

Fext(q̇, q, t) =

{

Fext1(q̇, q, t), h(q̇, q, t) > 0,

Fext2(q̇, q, t), h(q̇, q, t) < 0,

q�¤r
h(q̇, q, t) : IRn × IRn × IR 7→ IR

f^zY^] Z[^ f\]_`YZ\Yx\Zp ]xdhg_^ uXYZd`fx_^ g ]xdhg_^
Σ12

f^zY^f kp Z[^ hxY_Z\`Y
h(x) = h(q̇, q, t)

]x_[ Z[gZb[\_[ \] f^zY^f g] Z[^ ]xdhg_^ b[^d^ Z[^ ^�Z^dYgj h`d_\Yi
Fext

\] f\]_`YZ\Yx`x] u td`n Z[\] Z[^ ]^Z]
S1 = {x | h(x) > 0}

gYf
S2 = {x | h(x) > 0}

q�¥r
_gY Y`b ^g]\jp k^ f^zY^f a \Y b[\_[ Z[^ h`d_\Yi

Fext

\] ]n``Z[ uv[^ ^}xgZ\`Y `h n `Z\`Y q��r n gp k^ d^h`dnxjgZ^f \Y Z^dn ] `h Z[^ ]ZgZ^ e^_Z`d g]

ẋ =







f1(x), x ∈ S1,

fs(x, µ), x ∈ Σ̂12,

f2(x), x ∈ S2,

q�¦r

b[^d^
fs(x) =

f1(x) + f2(x)

2
+ µ(x)

f2(x) − f1(x)

2
,

q� yr
b[\_[ \] g `hZ^Y x]^f h`dnxjgZ\`Y h`d `df\Ygdp f\w^d^YZ\gj ^}xgZ\`Y] `h t \j\cc`e Zpc^ u v[^ ]^Z

Σ̂12
\]f^zY^f g] Z[^ ]xk]^Z `h

Σ12
b[^d^ Z[^ e^_Z`d z^jf]

f1
gYf

f2
gd^ k`Z[ c`\YZ\Yi Z`bgdf] `d gbgp hd`nZ[^ f\]_`YZ\Yx \Zp ]xdhg_^

Σ12
a \ u^ u

Σ̂12 = {x ∈ Σ12 | |µ(x)| < 1} .
q��r

ú ûB8 K?;GDE<üD><?@ ?A >B8 ý;CIA;<:><?@ ?9:<EED>?; =;?FE8G <@>?
>B8 :ED99 ?A K <E<== ?T U V7V

�^ g]]xn^ Z[gZ Z[^ ]p]Z^n `h g fdp{hd\_Z\`Y `]_\jjgZ`d k ^j`Yi] Z` Z[^ gk]Zdg_Z _jg]] `h Z[^ t\j\cc`e lmom u
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é ÄÅ óÕÓÊ ÏìÐ ïÉõÕÉÈõËÉÈ ÎÇÎÏÐÊ ÏÓ ÏìÐ óËÍËôôÓè ÎÇÎÏÐÊ
td`n Z[^ \YcxZ `h Z[^ c[p]\_gj fgZg a b^ i\e^ zd]Z Z[^ f^]_d\cZ\`Y `h Z[^ fgZg \Y Z^dn ] `h g �gidgYi\gY]p]Z^n s

q ∈ IR
q��r

M(q) = 1
q�� r

F (q) = q
q��r

Fext(q) = sin(ωt)
q��r

R ∈ IR
q�¢r

v[^ ZgYi^YZ\gj e^j` _\Zp gYf d^g_Z\`Y gd^ f^zY^f g] h`jj`b ] s
u̇T = q̇

q�¤r
R = λT

q�¥r
v[^ odp hd\_Z\`Y \] f^zY^ g] h` jj`b ] s

λT =

{

−Ffr,
]\iY

(u̇T ) > 0
+Ffr,

]\iY
(u̇T ) < 0

q�¦r
gYf

λT ∈ [−Ffr; +ffr], (u̇T ) = 0
q� yr

v[^ d^h`dnxjgZ\`Y \Y Z^dn ] `h t\j\cc`e ]p]Z^n j^gf] Z` s

x =





x1

x2

x3



 =





q

q̇

ωt



 ,
q��r

g(x, t) =





x2

x1 − sin(x3)
ω





q��r

y = x
q�� r

R = λ ∈ F (y, t)
q��r

h(y) = y2,
q��r

F (y, t) =





0
F2(x, t)

0





b\Z[
F2(y, t) =











−Ffr, h(y) > 0

+Ffr, h(y) < 0

[−Ffr, +Ffr], h(y) = 0

q�¢r

é ÄÃ ÆÇÈÉÊ ËÌÉÍ ÎÇÎÏÐÊ ÉÈÑ æÓÔÈÑÉÕÇ ÌÓÈÑËÏËÓÈ
]^^ gk`e^
é Äé ÕÐÍÉÏËÓÈÎ
]^^ gk`e^
é Äð íÓÈ îÊÓÓÏì ÍÉç Î
]^^ gk`e^

�



þ 789:;<=><?@ ?A >B8 @ÿG8;<:DE 9>;D>8LC H V<GÿED><?@ ÿ9<@L D@
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ð ÄÅ � ËÊ Ð ÑËÎÌÕÐÏË�ÉÏËÓÈ Óë ÏìÐ ÑÇÈÉÊ ËÌÉÍ ÎÇÎÏÐÊ
XY Z[\] ]^_Z\`Y b^ cd`e\f^ gY \f^g [`b Z` x]^ gY ^e^YZ fd\e^Y ]_[^n ^ Z` ]`je^ t\j\cc`e Zpc^ cd`kj^n ] q\Y� gZjgkr u
� ���Ü �Ø ��	Ýâ ÜÚÛ 	�	Úá Û	á	ßáàØÚ

 ØÚ �àÚ	ÜÝ âÞâá	� â
t`d Y`Yj\Y^gd fpYgn \_gj ]p]Z^n ] gYp `h Z[^ kx\jZ{\Y gfgcZ\e^ \YZ^idgZ`d] a ]x_[ g] ®«O�
 q�Z[ `df^d �xYi^{
�xZZg h`d Y`Y]Z\w ]p]Z^n ]r `d ®«O �
· q� ]^] kg_ bgdf f\w^d^YZ\gj h`dnxjg] q�ot]r gj]`  Y`bY g] �^gd �]n ^Z[`f h`d ]Z\w ]p]Z^n ]r a _gY k^ x]^f Z` ]`je^ Z[^ ]n``Z[ fpYgn \_] u XZ \] `h _`xd]^ c`]]\kj^ Z` bd\Z^p`xd `bY _`f^ h`d ]`je\Yi ~o�] a b[\_[ ][`xjf k^ ]Zdg\i[Z h`dbgdf ut`d Y`Yj\Y^gd fpYgn \_gj ]p]Z^n ] Z[^ kx\jZ{\Y ^e^YZ f^Z^_Z\`Y d`xZ\Y^] x]^f b \Z[ Z[^ \YZ^idgZ`d] _gYk^ x]^f Z` j` _gZ^

y1 = 0
u t`d g n`d^ idg|\Yi ]^Y]\Z\e^ ]`je^d `Y^ _gY gj]` j``  h`d

ẏi = ∇h(x)fi(x) = 0
a

i = 1, 2
u Xh g x]^d cd`e\f^f ]`je^d \] x]^f Z[^Y Z[^ x]^d gj]` [g] \Y_jxf^ gY ^e^YZ f^Z^_Z\`Y ]_[^n^ u t`dZ[ \] a ^ ui u ]ZgYfgdf k\]^_Z\`Y a ]^_gYZ a `d � d`pf^Y �] n ^Z[`f qg egd\gYZ `h Z[^ ]^_gYZ n ^Z[`fr _gY k^ x]^fgYf b \Z[ g ]c^_\z^f Z`j`d^gY_^ u

� àÚ	ÜÝ âÞâá	�
t`d j\Y^gd fpYgn \_gj ]p]Z^n ] gYp `h Z[^ kx\jZ \Y \YZ^idgZ`d] qg] h`d Z[^ Y`Yj\Y^gd ]p]Z^n ]r _gY k^ x]^fZ` ]`je^ Z[^ ]n``Z[ fpYgn \_] u �`b^e^d a \Z \] gj]` c`]]\kj^ Z` x]^ Z[^ O�¶¹ hxY_Z\`Y b[\_[ \] Z[^ n gZd\�^�c`Y^YZ\gj `d \Y e^dp] ]\ncj^ _g]^] Z[^ g_Zxgj ]`jxZ\`Y _gY k^ i\e^Y Z` Z[^ cd`idgn h`d uv[^ ]gn ^ gccd`g_[ `Y ^e^YZ f^Z^_Z\`Y [`jf] h`d j\Y^gd ]p]Z^n ] g] h`d Y`Yj\Y^gd ]p]Z^n ] q]^^ gk`e^r u
��Üáá	Ý ÜÚÛ âáàß� àÚ��â�àÛ àÚ�
XY \ncg_Z\Yi ]p]Z^n ] _[gZZ^d gYf ]Z\_ \Yi gd^ e^dp _`nn`Y c[^Y`n ^Yg Z[gZ `hZ^Y _gx]^] g j`Z `h cd`k j^n ]\Y ^e^YZ fd\e^Y n^Z[`f] u v` [ge^ ]Z\_ \Yi Z[^d^ gd^ Z[d^^ _`Yf\Z\`Y Z[gZ [g] Z` k ^ hxjz jj^f gZ \ncg_Z uv[^p gd^

y = 0
q\ncg_Z _`Yf\Z\`Y r q�¤r

ẏ = 0
qidg|\Yi _`Yf\Z\`Y r q�¥r

ÿ ≤ 0
qg__^j^dgZ\`Y _`Yf\Z\`Y r q�¦r

mZ\_ \Yi _gY k^ _gx]^f kp ^\Z[^d \h Z[^ _`^÷ _\^YZ `h d^]Z\ZxZ\`Y \] |^d` `d g] Z[^ d^]x jZ `h g _[gZZ^d]^}x^Y_^ u XY _[gZZ^d Z[^ ]p]Z^n d^_`iY\]^] \YzY\Z^ Yxnk^d `h \ncg_Z] \Y zY\Z^ Z\n ^ u ~ke\`x]jp \Z \]\nc`]]\kj^ Z` Yxn^d\_gjjp ]`je^ h`d gY \YzY\Z^ Yxnk^d `h ^e^YZ] a ]` Z[^ n`]Z _`nn`Y bgp Z` ]`je^ Z[ \]\] Z` ]^Z
ẏ = 0

g] Z[^ _`Yf\Z\`Y] q�¤r gYf q�¥r gd^ hxjz jj^f gYf
|ẏ| < C,

q� yr
b[^d^

C
\] g ]n gjj gYf c`]\Z\e^ _`Y]ZgYZ u� [^Y Z[^ ]p]Z^n \] \Y ]Z\_ \Yi n`f^ Z[^ _`Yf\Z\`Y Z` j``  h`d \] ÚØá

y = 0
a ]\Y_^ Z[\] \] gjjd^gfphxjz jj^f a kxZ \Y]Z^gf b^ j``  h`d

ÿ = 0
b[\_[ \] ^�g_Zjp b[^Y Z[^ g__^j^dgZ\`Y \] _[gYi\Yi ]\iY gYf^e^YZxgjjp Z[^ f\d^_Z\`Y `h Z[^ e^j` _\Zp gbgp hd`n Z[^ \ncg_Z\Yi ]xdhg_^ u

� ���� �	á	ßáàØÚ Ø � ÜÚÛ ÜßáàØÚ Üá á�	 à� ÜßáàÚ� âÙÝ�Üß	
XY `df^d Z` gccjp l^bZ`Y �] \ncg_Z jgb Z[^ ]xdhg_^ i\e^Y kp

y = h(x) = 0
q��r

�



gYf c`]]\kjp gj]`
ẏ = ∇h(x)f(x) = 0

q��r
[g] Z` k^ j` _Z^f b \Z[ gY gccd`cd\gZ^ n ^Z[`f a g] f^]_d\k ^ gk`e^ \Y m^_ u � uy ug uoxd\Yi Z[^ ~o� \YZ^idgZ\`Y Z[^ ^e^YZ f^Z^_Z`d b \jj ^e^YZxgjjp zYf Z[^ ^�g_Z Z\n ^ gYf c`]\Z\`Y `h gY\ncg_Z a \ u^ u b[^Y

y = 0
u ÖZ ]x_[ g c`\YZ Z[^ \YZ^idgZ`d ]Z`c] a b[^dghZ^d Z[^ \ncg_Z jgb \] gccj\^f gYfZ[^ \YZ^idgZ`d \] gig\Y ]ZgdZ^f a kxZ Y`b b \Z[ Z[^ Y^b \Y\Zgj _`Yf\Z\`Y] i\e^Y kp Z[^ \ncg_Z jgb u

��Üáá	Ý ÜÚÛ âáàß� àÚ��â�àÛ àÚ�
�[^Y Z[^ n`Z\`Y hx jz jj] q�¤r a q�¦r a gYf q� yr Z[^ ]`je^d ]Z`c] gYf

ẏ
\] ]^Z Z`

0
gYf Z[^ \YZ^idgZ\`Y \]d^]ZgdZ^f kxZ Y`b `Yjp j`` \Yi h`d Z[^ ^e^YZ

ÿ = 0
u v` ge`\f fd\hZ gbgp hd`n Z[^ ]xdhg_^ fx^ Z` Yxn^d\_gj^dd`d] ZZ \] c`]]\kj^ Z` n g ^ Z[^ ]xdhg_^ gZZdg_Z\Yi kp gff\Yi Z[^ Z^dn

∇Dh(x)T h(x), D > 0
q�� r

Z` Z[^ e^_Z`d z^jf uÖY`Z[^d gYf g n`d^ g__xdgZ^ \f^g \] Z` x]^ g j` _gj n gcc\Yi gZZ _[gZZ^d\Yi u mx_[ n ^Z[`f] [ge^ k^^Yf^e^j`c ^f kxZ Y`Z p^Z Z^]Z^f `d \Y_jxf^f \Y g _`f^ u
ð ÄÃ íÔÊÐÕËÌÉÍ îÏÕÉÏÐõÇ
v[^ Yxn^d\_gj ]ZdgZi^p \] i\e^Y kp Z[^ c]^xf`{gji`d\Z[n � u� u
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t`d Z[^ _g]^ `h �gidgYi\gY lmom a Z[^ ]ZgZ^ egd\gk j^ gYf Z[^ d^g_Z\`Y h`d_^ e] u Z\n ^ gd^ Z[^ kg]\_ d^]xjZ]Z[gZ b^ bgYZ Z` ^�c`dZ `xZ `h Z[^ gji`d\Z[n u ãgd\`x] `h ^Y^di\^] n gp k^ gj]` ^�c^_Z^f kp Z[^ x]^d u
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v` k^ f^zY^f u u u
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